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Turbulence-Model Predictions for Turbulent Boundary Layers
P. G. SAFFMAN* AND D. C WiLCOxf

Applied Theory, Inc., Los Angeles, Calif.

A set of turbulence model equations, originally postulated by Saffman, forms the basis of this three-part study
of steady turbulent-boundary-layer structure above a flat plate. In one part of the study the turbulence equations
are integrated through the viscous sublayer by means of time-marching numerical integration techniques and the
constant in the law of the wall is predicted as a function of wall roughness. In a second part, the Van Driest
compressible law of the wall is deduced by classical mathematical methods. Then, using the Van Driest law as a wall
boundary condition, the model equations are integrated through the entire boundary layer, again by time-marching
methods, for a freestream Mach number of 2.96.

1. Introduction

INCREASINGLY, turbulent-flow studies have concentrated
on phenomenological-model equations describing turbulent

motion. The most promising approach seeks rate equations
which describe evolution of the Reynolds stresses; development
of equations of this type has progressed for both low- and high-
speed flows.1"5 This paper focuses upon one such set of
turbulence-mo del equations originally devised by Saffman2 and
subsequently modified by Wilcox and Alber3 to account for the
effects of compressibility; the model equations are based on the
hypothesis that transfer of momentum and heat by turbulence
can be described by an eddy viscosity which is a function of two
turbulence densities, viz, an energy density, e, and a
pseudovorticity density, Q. Previous work 2'3 has concentrated
mostly on formulation of the nonlinear diffusion equations
satisfied by the turbulence densities; included in the present study
is some model development which is directed primarily to the
boundary conditions imposed at or near a solid boundary. As
a result, uncertainties regarding boundary conditions have been
eliminated. A concurrent study has been made of the predictions
of the model equations for boundary layers on a flat plate
under both compressible and incompressible flow conditions.

Past studies have left at least two areas of boundary-condition
uncertainty. On the one hand, Saffman2 indicated that the most
natural boundary conditions for the mean velocity and the
turbulence densities follow from matching to the law of the wall.
Matching is valid for the incompressible Saffman model because
law-of-the-wall behavior near a solid boundary is contained
within the equations; however, Wilcox and Alber3 did not
generalize the matching concept for compressible flows. On the
other hand, for some applications, integration through the
sublayer might be necessary (because of, e.g., numerical reasons
or sublayer-structure uncertainties). Thus, the question of
boundary conditions for the turbulence densities appropriate to
a solid boundary was considered briefly by Saffman and in a
little more detail by Wilcox and Alber. Although the boundary
condition on e is straightforward (it vanishes at solid boundaries),
both studies fall short of specifying a boundary condition on
the vorticity density.
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The present work has eliminated these two areas of uncertainty,
thereby facilitating detailed study of flat-plate-boundary-layer
structure. The turbulence- mo del equations are presented in Sec.
2, and in Sec. 3 a boundary condition for Q at a solid surface
is determined ; predicted incompressible sublayer structure also is
studied and compared with experimental observations. The
Van Driest compressible law of the wall6 is deduced from the
model equations in Sec. 4 whereby matching to the law of the
wall is extended to compressible flows. Included in Sec. 5 are the
results of a Mach 3 flat-plate-boundary-layer calculation in which
the Van Driest law is employed as a boundary condition at
the plate surface.

2. The Model Equations
The mean conservation equations of mass, momentum, and

energy used in the present study are
= Q (1)

jui) = -dP/dXi +
(d/dxjKTij-^pUiUjy) (2)

(d/dt)(p£>+ (d/dxjdhijE) = (-/%+ Ttj- ^puiujy)dui/dxj+
y(d/dx)\_fi(dE/dx)/PrL- (puj E'y] (3)

where ut and £ are the mass averaged velocity and internal energy,
respectively, defined as

ui = wi-ui = <pwf>/p (4)
E = E-E = (pEy/p (5)

The quantities w. and E are instantaneous velocity and internal
energy while w, and E' denote the difference between instantaneous
and mass averaged values as indicated in Eqs. (4) and (5). Also,
P, Ttj, fL, y and PrL denote mean pressure, mean laminar stress
tensor, mean molecular viscosity, specific heat ratio and laminar
Prandtl number, respectively.

The Reynolds stress tensor, iijf is expressed in terms of an
eddy viscosity, 8, as

2/3pe6tJ (6)

(7)

(8)

where e is the specific turbulent energy defined as
e^^pu^y/p

Similarly, the turbulent heat flux vector becomes
- (puj E'y = ps(dE/dxj)/PrT

where PrT is the turbulent Prandtl number.
The eddy viscosity is assumed to be a function of local

properties of the turbulence, namely e, and a pseudovorticity, fi,
which are assumed to satisfy the following nonlinear diffusion
equations
(d/dt)(pe)+(d/dxj)(puje) = [a*(2SySy)1'2-/?*pn]/*+

(S/dXj)[_(ft+a*pe) de/dxj] - tpe 8ujdxk (9)
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= [ai{(dujdx)(dujdxj)}lf2-

a* = 0.3

5xJ (10)
where St, is the mean rate of strain tensor.

Equations (9) and (10) incorporate the essential physical idea
that turbulence is convected by the mean flow, amplified by
interaction with the mean rate of strain, destroyed by its self-
interaction, and diffused by its own velocities. The numbers
a, a*, /?, /?*, a, a*, £ and PrT are assumed to be universal
constants. The equations are then closed by the relation

e = e/ptt (11)
With the exception of £ and PrT, the values of the universal

constants can be fixed by very general arguments2'3 and the
given values used in all calculations in this study are given by

(12)

where K is the Karman constant. To determine the value of <J, a
variety of supersonic and hypersonic flows has been considered.3
Comparison with experimental data covering a Mach number
range from 1.7 to 8.0 indicates a value of 2.5. Based on an
argument presented at the end of Sec. 4 the turbulent Prandtl
number, PrT, has been chosen as 0.89. Thus, the compressible
model equations constitute a closed set of phenomenological
equations in which the freedom to adjust the constant parameters
is severely limited.

To facilitate integration through the viscous sublayer and to
eliminate possible numerical difficulties at a turbulent- non-
turbulent interface which might be encountered in performing
a finite-difference solution, molecular diffusion terms appear in
Eqs. (2, 3, 9, and 10). Adding viscous terms in the manner
'indicated is a simple and, at least to date, satisfactory approach
which does not involve the addition of further arbitrary
constants.

3. Viscous Sublayer Structure
For incompressible sublayer flow, the equations of motion

Eqs. (1-11) simplify to the following ordinary differential equa-
tions [hereafter, as convenient, mass average (tilda) and con-
ventional time average (overhead bar) symbols will be dropped]

(v + e/co) du/dy = rjp (13)
(a* \du/dy\ - p*co)e + (d/dy)[(v + a*e/a)) de/dy~\ =0 (14)
(a \du/dy\ - pcofa2 + (d/dy)[(v + as/a)) dco2/dy~\ =0 (15)

where TW is the surface stress, v is kinematic viscosity, 3; is distance
normal to the solid boundary, and co is defined by co = pQ.
Three boundary conditions to which solutions of Eqs. (13-15)
must be subjected are obtained by matching to the law of the
wall so that

as w ty/v->oo (16)
co -» wt//ca*y

where C is a constant whose value depends upon the nature of
the wall and wt denotes the friction velocity, UT = (ijp)1/2. An
additional boundary condition can be specified at the bounding
surface, y — 0, where the turbulent energy must vanish. Since
equation set (13-15) is of fifth order, one more boundary
condition is required for a well-posed two-point-boundary-value
problem. Saffman2 has proposed such a boundary condition, i.e.,

co = (Tw/a*ju)S(z0 ujv) at solid boundaries (17)
where S(z0 ujv) is a universal function of the roughness height
of the wall, z0 (Saffman postulated existence of the function
S but did not determine its behavior or even its value for a smooth
wall).

The value of C which appears in the law of the wall, Eq. (16),
also depends on z0, indicating a correspondence between the
value of the constant C and the function S(z0wt/v); hence, to
establish the dependence of S upon the roughness height the
following sequence has been observed : 1) Assume a value for S
and solve the resulting two-point-boundary-value problem.
2) Using the solution to the boundary-value problem, determine
the constant C. 3) Knowing C, appeal to experimental data
(Schlichting7) to find the nondimensional roughness height,
ZoM>

The boundary-value problem was then solved with the aid
of a time-marching finite-difference code (AFTON 1PSL) for
one-dimensional motion. Unsteady terms de/dt and dQ2/dt were
added to the turbulent energy and vorticity equations, respec-
tively, and the solution to the boundary value problem was
generated as the steady limit of a time- varying field, i.e., as the
unsteady terms approached zero. Numerical solutions were also
generated by solving the two point boundary value problem by
shooting from infinity towards the wall ; no significant difference
in the results was detected.

Fig. 1 The value of C as a function of
<T ' 2 as determined from numerical solution

of the sublayer equations.
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Fig. 2 Correlation of roughness height and the value of the vorticity
density at a solid boundary; calculated values inferred from the numerical

results relating 5 and C and experimental data relating z0 and C.

The value of S was varied from ^ to 400, and the resulting
dependence of C upon S~l/2 is shown in Fig. 1. (The choice of
S~1/2 for the abscissa was suggested by theoretical considerations
given below. Numerical considerations precluded calculation for
values of S~1/2 less than 0.05, but an extrapolation to S~1/2 =0
appears warranted.) The dependence of z0 ujv on S inferred from
the experimental data is shown in Fig. 2. The roughness height
is a monotonically decreasing function of S, and a value of
S = 100 is sufficient to reach the hydraulically smooth regime.
The corresponding value of C of 5.05 is within the generally
accepted range for smooth walls of between 5.0 and 5.5. The
obvious implication of the analysis is that

S(z0 ujv) -> oo as z0w t /v->0 (18)
and extrapolation of the numerical data of Fig. 1 indicates that
for infinite S the constant C will tend to a value of about 5.7. As
S is a measure of the fluctuation frequency at the wall, intuition
suggests that S — oo is the proper limit for a perfectly smooth
wall.

Calculated velocity profiles for several values of S are shown in
Fig. 3, which also includes experimental data for a smooth wall.8
For S = 100, the computed velocity profile closely agrees with
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Fig. 3 Comparison of calculated sublayer velocity profiles with experi-
mental data.
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Fig. 4 Comparison of calculated turbulent energy in the viscous sublayer
with experimental data.

the experimental data. The various profiles show that the value of
the pseudo vorticity density at a solid boundary affects predicted
structure of the turbulent boundary layer well beyond the sub-
layer. Figure 4 compares specific turbulent energy with experi-
mental data9; the computed and measured data agree reasonably
well, particularly at the outer sublayer edge.

The variation of e near y = 0 appears to differ drastically
from the prediction of Wilcox and Alber that e is linear with
y as y — > 0. However, the discrepancy vanishes upon examination
of the limiting form of the sublayer structure as y -> 0. For large
S, there is a thin inner layer near y = 0 whose thickness is of
order S~ 1/2v/wT. Inspection of Fig. 2 shows that, on approaching
the hydraulically smooth regime, the roughness height is also of
order S~1/2v/uT, indicating that the inner layer is a region
where detailed wall-roughness effects dominate; this layer will
hence be referred to as the "roughness layer." The appearance
of the roughness layer is physically realistic since wall roughness
consists of small protrusions from the surface; one would thus
expect the size and shape of the protrusions to influence local
flow conditions to distances of the order of a characteristic
protrusion dimension. In the roughness layer the production and
turbulent diffusion terms in Eqs. (14) and (15) can be neglected;
the turbulence densities behave according to

co = (TwS/a*M>r2 (19)
g~|y-ff] (20)

I/a
where

and the exponents n and m are given by

(21)

(22)

Equation (20) shows that within the roughness layer the turbulent
energy passes from linear variation with y when Sl/2ury/v— >• 0
to the more rapid increase given by y" when S1/2wTy/v-» oo.
Since the roughness-layer thickness becomes vanishingly small
as S becomes large, the latter behavior will characterize the
variation of e in the sublayer near smooth solid boundaries as
exemplified in Fig. 4. The exponent n varies between 3.70 and
4.00 for the permissible range of values of /?//?* given in Eq. (12);
hence, contrary to the claim of Wilcox and Alber,3 the SafTman
equations possess physically acceptable solutions for e in the
viscous sublayer. The results obtained here also indicate claims
of Baum10 that the Saffman model does not work well for
incompressible boundary layers are wrong. The erroneous con-
clusion drawn in Baum's study appears to be caused by the use
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of incorrect boundary conditions and an unsuitable choice of
viscous modifications for the sublayer.

4. The Compressible Law of the Wall
We turn now to the behavior of the compressible form of

the model equations in the so-called wall layer, namely, the
region sufficiently close to the solid boundary for neglect of
convective terms and far enough distant from the boundary for
molecular diffusion terms to be dropped. The equations of motion
for compressible flow in the wall layer are

(d/dy)[(e/n)(d/dy)(h/PrT+j[u2)'] = 0 (24)
d r e d e l 0 (25)

0 (26)

Equations (23-26) can be made much more tractable by regarding
u as the independent variable rather than y. Hence, the equations
for the turbulence densities reduce to

G*d2e/du2 + [1 - a*pe/tvv]a*pe/Tvv = 0 (27)
ad2£l2/du2 + [a - (j5/a*)a*pe/Tw]pQ2/Tw = 0 (28)

The energy equation can be trivially integrated and for a perfect
gas integration yields the relation

Pjp = l + B(u/UJ-A2(u/UJ2 (29)
where pw is the fluid density corresponding to the temperature
of the bounding surface, Tw, and U^ is the velocity at the edge of
the boundary layer; the constants A and B are given by the
expressions

where qw is the heat flux from the fluid (to the wall. The
quantities 7^ and M^ are the freestream temperature and Mach
number, respectively, while y is the specific heat ratio and C the
specific heat. Assuming a solution of the form

e - riw/p (32)
where F is an unknown constant, we find by combining
Eqs. (27) and (32) that

F = [1 —|(y- l)Prr((r*/a*)Moo2c/]/a* (33)
The term M^2cf is very small for flows of practical interest
and therefore

T w I/a* (34)
The turbulent energy can now be eliminated from Eq. (28)

for Q, by combining Eqs. (28, 29, 32, and 34). The resulting
equation is

d2Q.2/du2 — 4(K/uT)2\_l + B(u/Uao)~ A2(u/Uao)2']~1Q2 = 0 (35)
Finally, let v = u/U^ and R = 2KU Jur. Equation (35) can then
be written in the simplified form

Equation (36) is a spheroidal wave equation whose solutions
could be expressed in terms of Legendre functions of complex
order; more useful results are obtained by the WKBJ method,
which yields the following approximate solution for large R

Q* ~ sin (37)

where D is a constant of integration. Recalling Eq. (23), com-
bining it with Eqs. (32, 34, and 37) and integrating over y we
arrive at the result that

dn-1/ 2A2v-B \ldv_

QL*pwDy/Uao (38)
The ambiguity in sign which first appeared in Eq. (37) has been
removed by noting that, for the special case of a flat-plate

boundary layer, d2v/dy2 will be negative for all values of y. For
very large /? the integral in Eq. (38) can be replaced by its
asymptotic expansion and therefore
4A2

~w
a*pwDy/Uao + const (39)

Finally, we expand v in a perturbation series for large R as
v = R~1vj+n(R)v1+-~; ^i(R)<^R~1 (40)

Combining Eqs. (39) and (40) the resulting solution for v0 is given
by

U _.( 2A\-B \ ut KO.*O Dy
"f Shr V+44Y/*j =~K

 10g ~2A^T + C°nSt (41)

Equation (41) is identical to the compressible law of the wall
deduced by Van Driest6 provided

where juw is the fluid molecular viscosity at temperature Tw.
Therefore, in the limit of large Reynolds number, i.e.,

R = 2KUJut^«> (43)
the velocity in a boundary layer very close to the boundary is
predicted by our model equations to behave as

ism =-log
u y
-1-+ const (44)A ~ l_(B2+4,42)1/2

Also, combining Eqs. (32) and (34) the turbulent energy will vary
according to the expression

pe = i>* (45)
Inserting Eq. (44) into Eq. (23) and combining the result with
Eq. (45) leads to

pQ. = (pJpY'2uJu.*Ky (46)
Equations (44^6) can be used as boundary conditions in the

sense of matched asymptotic expansions, thus circumventing the
process of integration of the turbulence equations down through
the viscous sublayer.

As a final note, the results obtained in this section make it
possible to fix the value of the turbulent Prandtl number, PrT
That is, good correlation of experimental data with Eq. (44) is
obtained when the value of A is calculated from

A2 = \(y— l)rMOD
2TQO/Tvv (47)

where r is the recovery factor.11'12 Comparison of Eqs. (30) and
(47) implies that PrT should be equal to 0.89, the accepted
value of r.
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Fig. 5 Skin friction as a function of distance from the leading edge of a
flat plate; freestream Mach number Mx = 2.96; freestream Reynolds

number per unit length, 1.49 x 106 in." l.
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Fig. 6 Velocity profile for a supersonic turbulent flat plate boundary
layer; freestream Mach number, Mx, = 2.96; Reynolds number based on

momentum thickness, Ree = 15,300.

5. Numerical Computation of Supersonic Turbulent
Flow Over an Adiabatic Flat Plate

The turbulence-mo del equations presented in Sec. 2 have been
incorporated into a time-marching finite-difference code
(AFTON 2P)for two-dimensional-plane fluid motion.13"15 The
modified code (AFTON 2PT) has been used to calculate Mach
2.96 turbulent-boundary-layer flow above an adiabatic flat plate
using the law-of-the-wall boundary conditions derived in Sec. 4.
Details of the numerical process have been given elsewhere.15

The inherent economy of matching to the law of the wall for
numerical work is exemplified by the fact that only 14 finite-
difference mesh points were used to define the boundary layer,
whereas 30 to 40 points would otherwise have been required.
The reduction in mesh point density is made possible because the
first mesh line (along which the law-of-the-wall boundary con-
dition developed in Sec. 4 is applied) need be no closer than
about 5% of a boundary-layer thickness, d, above the plate (0.0 5<3
was used for the computation reported here).

The calculated skin-friction coefficient, cf% is shown in Fig. 5.
Effects of a slight error in cf introduced at the upstream
boundary of the finite-difference mesh are observed to persist to
about two-boundary-layer thicknesses (6 « ^ in.) downstream of
the boundary. Beyond that point, calculated values of cf are
within 2% of measured values. Computed boundary-layer
thickness and momentum thickness also fall within 2% of
corresponding experimentally measured values.

The AFTON-calculated velocity, temperature, turbulent
energy, and shear stress profiles are shown in Figs. 6-10 at a
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Fig. 7 Velocity profile for a supersonic turbulent flat plate boundary
layer in sublayer coordinates; freestream Mach number, M ^ = 2.96;

Reynolds number based on momentum thickness, Ree — 15,300.
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Fig. 8 Variation of turbulence intensity through a supersonic turbulent
flat plate boundary layer; freestream Mach number, M y = 2.96;

Reynolds number based on momentum thickness, Ree = 15,300.

position where the Reynolds number based on momentum
thickness is 15,300. In Fig. 6, the calculated velocity profile
differs from the compressible law of the wall and wake11'12

profile by less than 2% at all points. The computed velocity
profile exhibits experimentally observed behavior in both the law-
of-the-wake and law-of-the-wall regions as can be seen from
Fig. 7 where sublayer coordinates, U/UT and UT y/vw are used.

The calculated profile of specific turbulent energy, e, com-
pares less directly with measured data than does the velocity
profile since rms velocity fluctuation data are available only for
the streamwise velocity component (and even then at slightly
higher Mach and Reynolds numbers than those of the computed
field).16 The calculated e-profile and measured values of <wx

2>
are compared in Fig. 8. Except very close to the plate, where
the data are of questionable accuracy, the average difference
between computed and measured values is approximately 10%.

In Fig. 9 the computed temperature profile is shown to
resemble the Crocco temperature profile which is identical to
Eq. (29) when PrT = r. As would be expected from the com-
ments at the end of Sec. 4, the computed recovery factor is 0.89,
identical to the accepted value for turbulent flow. As inspection
of Fig. 10 shows, the calculated-shear-stress profile is within
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Fig. 9 Temperature profile for a supersonic turbulent flat plate
boundary layer; freestream Mach number, M^ = 2.96; Reynolds number

based on momentum thickness, Ree = 15,300.



546 P. G. SAFFMAN AND D. C. WILCOX AIAA JOURNAL

i.o -i
y/6
0.8

0.6

0.4

0.2

0.0

CALCULATED
MAISE AND MCDONALD

0.2 0.4 0.6

Fig. 10 Shear stress profile for a supersonic turbulent flat plate
boundary layer; freestream Mach number M f = 2.96; Reynolds number

based on momentum thickness, Ree = 15,300.

8% of the Maise and McDonald11 correlation of experimental
data.

We emphasize that this remarkable agreement between experi-
ment and theory was accomplished with only one adjustable
parameter at our disposal, namely, the turbulent Prandtl
number.

6. Summary and Conclusions
The results presented in Sec. 3-5 show that the Saffman

turbulence-model equations accurately predict many features of
turbulent boundary layers. Principal results of the study are
summarized below.

Study of the incompressible sublayer has revealed a simple and
natural way of including wall roughness effects in the model; the
equations predict the existence of a region below the sublayer
in which wall roughness effects would dominate.

The Van Driest compressible law of the wall has been deduced
from the model equations which provides a consistency check
of the model with physical reality and constitutes the basis for
extending, to compressible flows, the concept of matching to the
law of the wall.

Calculated Mach 2.96 flat-plate-boundary-layer structure,
using the compressible-law-of-the-wall boundary condition,
agrees closely with experimental observations. Computed skin-
friction, boundary-layer thickness and momentum thickness are
within 2% of corresponding experimental data while turbulent-
energy and shear-stress profiles generally differ from measured
profiles by no more than 10%. The calculated velocity profile

virtually duplicates experimentally observed behavior in both
the law-of-the-wall and the law-of-the-wake regions.

In addition to the conclusion that the Saffman turbulence
model accurately predicts flat-plate boundary-layer properties,
a second inference can be made. Specifically, the close cor-
respondence between the Saffman-model equations and other
two-parameter modelling schemes noted by Wilcox and Alber3

indicates that the results of the present study have general
applicability for two-parameter turbulence models.
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